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We construct a low energy effective Lagrangian for the two-color QCD including
the “vector” bosons (mesons with JP = 1− and diquark baryons with JP = 1+)
in addition to the pseudo Nambu-Goldstone bosons with a degenerate mass Mpi
(mesons with JP = 0− and baryons with JP = 0+) based on the chiral symmetry
breaking pattern of SU(2Nf ) → Sp(2Nf ) in the framework of the hidden local
symmetry. We investigate the dependence of the “vector” boson masses on the
baryon number density µB. We show that the µB-dependence signals the phase
transition of U(1)B breaking. We find that it gives information about mixing among
“vector” bosons: e.g. the mass difference between ρ and ω mesons is proportional to
the mixing strength between the diquark baryon with JP = 1+ and the anti-baryon.
We discuss the comparison with lattice data for two-color QCD at finite density.
PACS numbers: 11.30.Rd, 12.39.Fe, 05.70.Fh
1. INTRODUCTION
Quantum chromodynamics (QCD) shows various phases under extreme conditions. At
very high temperature and/or density, the phase structure can be studied with perturbative
approaches. However, it is difficult to study it especially near the critical temperature and/or
density directly from QCD, because of the strong coupling. Lattice QCD simulation is one
of powerful theoretical tools, but it is not applicable in the finite density region due to
the sign problem [1]. The problem in simulations of real-life QCD at finite baryon density
produces interest in the two-color QCD with quarks in the fundamental representation [2, 3],
the QCD with quarks in the adjoint representation [3, 4], and so on, that are free from the
sign problem. In particular, two-color QCD has some interesting features in the following
respect: Color-singlet baryons appear together with ordinary mesons as Nambu-Goldstone
2(NG) bosons associated with the spontaneous breaking of the chiral symmetry and their
interactions are determined uniquely by the low-energy theorem. This allows us to construct
low-energy effective theories including the baryons as light degrees of freedom naturally, and
to investigate properties of hadrons even at finite baryon density using them. Furthermore,
because there are many studies of the lattice QCD simulations, we can make a comparison
of results from effective theories with those from the lattice analyses [5–7].
Actually, in two-color QCD, the phase structure at finite baryon number density µB was
studied [3] using the chiral Lagrangian including the pseudo-NG bosons, having masses of
Mpi, which are associated with the chiral symmetry breaking of SU(2Nf ) → Sp(2Nf). It
was shown that the phase transition from the symmetric phase of the baryon number U(1)B
to the broken phase takes place at µB =Mpi, triggered by the condensation of the baryonic
pseudo-NG bosons. There, the density dependences of the masses of pseudo-NG bosons are
also studied and it was found that a baryonic boson becomes the massless NG boson in the
U(1)B broken phase.
The density dependences of “vector” bosons (In this paper we call “vector” bosons which
consist of mesons with JP = 1− and diquark baryons with JP = 1+.) are studied in the
lattice simulation [6, 7]. It was shown that the mass of “ρ” meson decreases with µB [6, 7],
and that the mass of anti-baryon with JP = 1+ increases linearly with µB for µB . Mpi
while that of baryon decreases linearly [7]. For µB & Mpi, the baryon mass is not yet clearly
confirmed. On the other hand, the behaviors of the masses were also studied in an effective
model [8]. It is interesting to study the masses in a general effective model which can include
several models with the parameters chosen suitably.
In this paper we construct a low energy effective Lagrangian for the two-color QCD
including the “vector” bosons (mesons with JP = 1− and diquark baryons with JP = 1+)
in addition to the pseudo-NG bosons (mesons with JP = 0− and baryons with JP = 0+).
The effective Lagrangian is composed based on the chiral symmetry breaking pattern of
SU(2Nf ) → Sp(2Nf) in the framework of the hidden local symmetry (HLS) [9–11], and
the “vector” bosons are introduced as the gauge bosons of the Sp(2Nf) HLS. The HLS is
equivalent to other models for “vector” bosons such as the CCWZ matter field [12], the
tensor field [13] and the Massive Yang-Mills field [14]. Furthermore, it is possible to perform
the systematic derivative expansion in the HLS [11, 15–17] , which allows us to study the
parameter dependences of the masses at finite density in a systematic way.
3We study the vacuum structure of the model in the case of Nf = 2 using the leading order
Lagrangian, and show that the flavor-singlet “ω”-meson carrying JP = 1− has a vacuum
expectation value in the time component. As a result, the phase structure is the same as
the one determined by including only the pseudo-NG bosons [3]: For µB > Mpi, a baryonic
pseudo-NG boson (JP = 0+ state) condenses, which causes the spontaneous breaking of the
baryon number symmetry, U(1)B. We show that the mass of the anti-baryon (baryon) with
JP = 1+ increases (decreases) for µB < Mpi and turns to decrease (increase) for µB > Mpi.
These behaviors signal the phase transition of U(1)B breaking. The effect of higher order
terms is shown to make ρ and ω meson masses decrease for µB > Mpi consistently with
lattice data [6, 7]. Furthermore, the mass difference between ρ and ω mesons is proportional
to the mixing strength between the diquark baryon with JP = 1+ and the anti-baryon.
The paper is organized as follows. In section 2 we construct the chiral Lagrangian based
on the HLS. The vacuum structure and the µB-dependences of the masses are studied at
the leading order in section 3. In section 4 we show the effects of higher order terms to the
masses and mixings. Section 5 is devoted to a summary and discussions. Several intricate
calculations and useful formulas are summarized in Appendices A-C.
2. HLS MODEL IN TWO-COLOR QCD
Let us construct a low energy effective Lagrangian including NG bosons associated with
the spontaneous chiral symmetry breaking SU(2Nf )→ Sp(2Nf), following Ref. [3].
In the following we divide the hermitian generators, {TA} of SU(2Nf) normalized as
tr[TATB] = δAB/2, into two classes: The generators of Sp(2Nf) denoted by {Sα} with
α = 1, ..., 2N2f+Nf ; and the remaining generators of SU(2Nf ) by {Xa} with a = 1, ..., 2N2f−
Nf − 1. These generators satisfy the relations
(Sα)T = Σ¯SαΣ¯, (Xa)T = −Σ¯XaΣ¯, (2.1)
where Σ¯ is a 2Nf × 2Nf matrix satisfying following properties:
Σ¯2 = −1, Σ¯T = Σ¯† = −Σ¯. (2.2)
The chiral symmetry breaking gives 2N2f − Nf − 1 NG bosons pi which are encoded in
the 2Nf × 2Nf matrix as
Σ = ξ(pi)Σ¯ξT (pi), (2.3)
4where
ξ(pi) = eipi/fpi , pi = piaXa, (2.4)
with the decay constant fpi.
#1 Transformation property of ξ(pi) under the chiral symmetry
is given by
ξ(pi)→ gξ(pi)h†(pi, g), (h ∈ Sp(2Nf), g ∈ SU(2Nf )). (2.5)
From this together with the relations in Eq. (2.1), we see that Σ transforms linearly under
the chiral symmetry as
Σ→ gΣgT . (2.6)
The effective Lagrangian including the NG bosons should be invariant under the global
SU(2Nf ) group and under the Lorentz transformation, which is given by [3]
L = f
2
pi
4
tr[(∂νΣ)(∂
νΣ†)]. (2.7)
Next, we include the “vector” boson fields #2 into the Lagrangian based on the hidden
local symmetry (HLS) [9–11]. We decompose the field Σ as
Σ = ξ†LΣ¯ξ
T
L , (2.8)
where ξL is given by
ξL = ξ(σ)ξ
†(pi), ( ξ(σ) = eiσ/fσ , σ = σαSα ), (2.9)
with σ being the NG bosons associated with the spontaneous breaking of the HLS and fσ
the corresponding decay constant. The transformation property of ξL is given by
ξL → hξLg†, (2.10)
where
h ∈ [Sp(2Nf)]local, g ∈ [SU(2Nf )]global. (2.11)
For constructing the HLS Lagrangian, it is convenient to introduce the field ξR by
ξR = Σ¯(ξ
†
L(x))
T Σ¯† = ξ(σ)ξ(pi), (2.12)
#1 Note that the NG bosons consist of the mesons with JP = 0− and the (anti-) baryons with JP = 0+.
#2 Here the “vector” boson fields imply the meson fields with JP = 1− and the (anti-) baryon fields with
JP = 1+.
5which transforms as
ξR → hξR(Σ¯gT Σ¯†). (2.13)
Note that, in the HLS, the entire symmetry Gglobal × Hlocal is spontaneously broken to its
subgroup Hglobal = [Sp(2Nf)]global, so that the NG bosons σ = σ
αSα are absorbed into the
HLS gauge bosons. The basic quantities to construct the HLS Lagrangian are the following
two Maurer-Cartan 1-forms:
αˆ⊥ν = [(DνξR)ξ
†
R − (DνξL)ξ†L]/(2i), (2.14)
αˆ‖ν = [(DνξR)ξ
†
R + (DνξL)ξ
†
L]/(2i), (2.15)
where the covariant derivatives are read from the transformation properties in Eqs. (2.10)
and (2.13) as
DνξL = ∂νξL − iVνξL + iξLGν , (2.16)
DνξR = ∂νξR − iVνξR + iξR(Σ¯GTν Σ¯), (2.17)
with Vν = V
α
ν S
α and Gν = G
A
ν T
A being the Hlocal gauge bosons and the external gauge
bosons corresponding to the chiral symmetry (see Appendix A), respectively. These gauge
bosons transform as
Vν → V ′ν = hVνh† + ih(∂νh†), (2.18)
Gν → G′ν = gGνg† + ig(∂νg†). (2.19)
It should be noticed that in the HLS formalism we can introduce the “vector” bosons Vν
and the external chiral gauge bosons Gν independently. Since the covariantized 1-forms αˆ⊥ν
and αˆ‖ν in Eqs. (2.14) and (2.15) transform homogeneously:
αˆν⊥,‖ → hαˆν⊥,‖(x)h†, (2.20)
we have the following two invariants:
f 2pitr[αˆ⊥ναˆ
ν
⊥], f
2
σtr[αˆ‖ν αˆ
ν
‖ ]. (2.21)
We introduce the kinetic term of the “vector” bosons:
− 1
2g2
tr[VνρV
νρ], (2.22)
6where g is the HLS gauge coupling constant and Vνρ is the field strength defined by
Vνρ ≡ ∂νVρ − ∂ρVν − i[Vν , Vρ]. (2.23)
In addition, we include the external scalar and pseudoscalar source fields χ given in
Eq. (A.14) into the Lagrangian. Note that the vacuum expectation value (VEV) of χ gives
the explicit chiral symmetry breaking due to the current quark masses as
〈χ〉 =


−mq1
0(Nf×Nf )
. . .
−mqNf
mq1
. . . 0(Nf×Nf )
mqNf


. (2.24)
The χ transforms under the chiral symmetry as χ → g∗χg†. (see Eq. (A.16)) Since αˆ‖ν as
well as αˆ⊥ν transforms homogeneously under the HLS, it is convenient to convert χ into a
field χˆ as
χˆ = 2GξRΣ¯χξ
†
L, (2.25)
where G is a parameter carrying the mass dimension one. χˆ in Eq. (2.25) transforms
homogeneously under the HLS (see Eqs. (2.10) and (2.13) for the transformation properties
of ξL,R):
χˆ→ hχˆh†. (2.26)
For convenience, we summarize the transformation properties of the building blocks under
parity (P ), charge-conjugation (C), and HLS in TABLE I. In this table, Σc is the 2Nf×2Nf
matrix defined as
Σc ≡

 0 1N
−1N 0

 , (2.27)
which determines the direction of the chiral condensate, i.e. how to embed the Sp(2Nf) into
SU(2Nf ). Ω is the 2Nf × 2Nf matrix given as
Ω ≡

 0 1N
1N 0

 . (2.28)
7Building block P C HLS
αˆν‖ (ΩΣc)αˆ‖ν(ΩΣc) −αˆνT‖ hαˆν‖h†
αˆν⊥ −(ΩΣc)αˆ⊥ν(ΩΣc) αˆνT⊥ hαˆν⊥h†
χˆ (ΩΣc)χˆ
†(ΩΣc) χˆ
T hχˆh†
Gν −ΩGTν Ω −ΣcGνΣc gGνg† + ig(∂νg†)
TABLE I: Transformation properties of the building blocks under parity (P ), charge-conjugation
(C), and HLS.
Then the lowest order term invariant under the P transformation is given by
f 2χ
4
tr[χˆ+ χˆ†]. (2.29)
where fχ is introduced to renormalize the quadratically divergent correction to this term [18].
In the present analysis, we introduced this parameter in such a way that the field χˆ does
not get any renormalization effect.
Finally, the HLS Lagrangian with leading order terms is given by
L = − 1
2g2
tr[VνρV
νρ] + f 2σtr[αˆ
2
‖ν ] + f
2
pitr[αˆ
2
⊥ν ] +
f 2χ
4
tr[χˆ+ χˆ†]. (2.30)
3. VACUUM STRUCTURE AND SPECTRUM OF “VECTOR” BOSONS AT
NONZERO BARYON CHEMICAL POTENTIAL
In this section, we study the vacuum structure and examine the effects of nonzero chemical
potential for the baryon number charge on the spectrum of “vector” bosons in the case of
Nf = 2. In Table II, we show the fields included in the present model together with their
quantum numbers for the SU(2) “isospin” I #3, the baryon number charge B #4 and the
spin-parity JP . The effect of chemical potential for the baryon number charge is introduced
as the vacuum expectation value (VEV) of the external chiral gauge boson as
〈Gν〉 = δ0ν µB
2

 1 0
0 −1

 = µBδ0ν
2
B, (3.1)
#3 For Nf = 2 there exists an SU(2) flavor symmetry which we call the “isospin” symmetry.
#4 We follow the convention of baryon number given in Ref. [3], which is different from the one in Ref. [7].
8Field Generator I B JP
π1,2,3 X1,2,3 1 0 0−
πB+ = (π
5 − iπ4)/√2 (X5 − iX4)/√2 0 +1 0+
πB
−
= (π5 + iπ4)/
√
2 (X5 + iX4)/
√
2 0 −1 0+
ρ1,2,3 = V 1,2,3 S1,2,3 1 0 1−
ω = V 4 S4 0 0 1−
VB+ = (V
α + iV β)/
√
2 (Sα + iSβ)/
√
2 1 +1 1+
VB
−
= (V α − iV β)/√2 (Sα − iSβ)/√2 1 −1 1+
TABLE II: Fields corresponding to the mass eigenstates at µB = 0, together with the “isospin” I,
the baryon number charge B and the spin-parity JP . Indexes of the “vector” bosons with JP = 1+
are taken as (α, β) = {(5, 6), (7, 8), (9, 10)}.
where 1 is the 2× 2 unit matrix and 0 =

 0 0
0 0

. In the following we restrict ourselves to
the case where two quarks have the same current quark masses: The VEV of the external
scalar field in Eq. (2.25) takes
〈χ〉 = mq

 0 −1
1 0

 = mqMˆ. (3.2)
Here we assume that the spatial rotational symmetry is not broken, so that the relevant
VEVs of the fields in the unitary gauge of the HLS, σ = 0, are reduced to
〈ξL〉 = ξ†(p˜i), 〈ξR〉 = ξ(p˜i), 〈Vν(x)〉 = V˜ν = ( V˜0, 0 ). (3.3)
Replacing the fields with three VEVs as above, we obtain the static potential as
Vpotential = −f 2σtr
[{
V˜0 − µB
2
(
ξ†(p˜i)Bξ(p˜i) + ξ(p˜i)Bξ†(p˜i)
)}2]
− f
2
piµ
2
B
16
tr
[{
ξ†(p˜i)Bξ(p˜i)− ξ(p˜i)Bξ†(p˜i)}2]− M2pif 2pi
4
tr
[
ξ2(p˜i)Σ¯Mˆ + (h.c)
]
, (3.4)
where we use BT = B and Mpi is the mass of pis defined as
M2pi =
2Gmqf
2
χ
f 2pi
. (3.5)
From the stationary condition for V˜0, we obtain
V˜0 =
µB
2
(
ξ†(p˜i)Bξ(p˜i) + ξ(p˜i)Bξ†(p˜i)
)
. (3.6)
9FIG. 1: µB-dependence of the VEV ω˜ in unit of Mpi as a function of µB/Mpi.
Substituting this into Vpotential, we have
Vpotential
∣∣∣∣
V˜0
= −f
2
pi
4
tr
[
µ2B
4
{
ξ†(p˜i)Bξ(p˜i)− ξ(p˜i)Bξ†(p˜i)}2 +M2pi
{
ξ2(p˜i)Σ¯Mˆ + (h.c)
}]
. (3.7)
This is equivalent to the potential term of the chiral Lagrangian for NG bosons analyzed in
Ref. [3]. Then, the value of ξ(p˜i) which minimizes the potential is obtained as
ξ(p˜i) = eip˜i
5X5 (3.8)
where X5 is given in Eqs. (B.6) and (B.7) and the VEV p˜i5 is determined as
p˜i5 =
√
2fpiθ, (3.9)
with
θ = 0, (for 0 < µB < Mpi), cos θ =
M2pi
µ2B
, (forµB > Mpi). (3.10)
This means that there is a condensation of the baryonic-NG boson with JP = 0+ and U(1)B
symmetry is broken spontaneously for µB > Mpi. By substituting this VEV into Eq. (3.6),
the VEV of the “vector” boson fields V˜ α0 is determined as
V˜ α0 =


√
2µB cos θ, (α = 4 ),
0, (α 6= 4 ).
(3.11)
This implies that the time component of ω meson (see Table II) has a VEV for any µB, as
in the ordinary three-color QCD. In FIG. 1, we plot the µB-dependence of ω˜ = V˜
4
0 . This
shows that the ω˜ increases with µB for µB < Mpi while it decreases for µB > Mpi.
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We define the masses of “vector” bosons as the energies determined from the zero mo-
mentum limit of the dispersion relation. We shift the “vector” boson fields as
Vν(x)→ Vν(x) + V˜ν , (3.12)
and retain quadratic terms only in Eq. (2.30). Performing the Fourier transformation and
taking the low-momentum limit yields
∫
d4x
[
− 1
2g2
tr(VνρV
νρ) + f 2σtr(VνV
ν)
]
→ 1
2g2
Vˆ αj (−E)
[
E2δαβ − 2ifαβγ(V˜0)γE + fαγθfβδγ(V˜0)γ(V˜0)δ −M2V δαβ
]
Vˆ βj (E)
≡ Vˆ αj ΓαβVˆ βj , (3.13)
where fαβγ is a structure constant of Sp(4), MV is the mass of “vector” boson at µB = 0;
MV ≡ gfσ, (3.14)
and Vˆ is defined as
V αν (x) =
∫
d4k
(2pi)4
Vˆ αν (k)e
−ikx. (3.15)
Using the basis of Sp(4) generators shown in Appendix B, one finds that the matrix Γ for
the inverse propagator at zero momentum limit is block diagonal with four 1×1 terms and
three 2×2 blocks. The four diagonal 1× 1 terms are composed of Vˆ 1, Vˆ 2, Vˆ 3 corresponding
to the ρ meson and Vˆ 4 corresponding to the ω meson. The masses of these states are
obtained as
mρ,ω =MV . (3.16)
Three 2 × 2 blocks for (Vˆ 5, Vˆ 6), (Vˆ 7, Vˆ 8) and (Vˆ 9, Vˆ 10) are identical because of the “isospin”
symmetry. The 2×2 block for Vˆ 5 and Vˆ 6 is obtained as
(Vˆ 5†j Vˆ
6†
j )

 E2 −M2V + µ2B cos2 θ 2iµBE cos θ
−2iµBE cos θ E2 −M2V + µ2B cos2 θ



 Vˆ 5j
Vˆ 6j

 . (3.17)
This matrix is diagonalized by the fields VB+ and VB− defined in Table II as
(Vˆ †B+,jVˆ
†
B
−
,j)

 (E + µB cos θ)2 −M2V 0
0 (E − µB cos θ)2 −M2V



 VˆB+,j
VˆB
−
,j

 . (3.18)
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FIG. 2: The masses of the “vector” bosons in unit of Mpi as a function of µB/Mpi. We use
MV /Mpi = 4 and g = 1 to make the plot.
From this, we obtain the masses as
mVB+ =MV − µB cos θ, mVB− =MV + µB cos θ, (3.19)
where we assumed MV > Mpi, so that MV > µB cos θ.
Let us consider the µB-dependences of the masses of the “vector” bosons. Equation (3.16)
indicates that the ordinary vector mesons with JP = 1− do not change their masses at all.
On the other hand, from Eq. (3.19) together with Eq. (3.10), we find that the mass of the
baryon (VB+) with J
P = 1+ decreases for µB < Mpi and turns to increase for µB > Mpi, and
the mass of anti-baryon (VB
−
) with JP = 1+ shows the opposite behavior. This indicates
that the phase transition can be observed by seeing the masses of baryons with JP = 1+.
We stress that, for any value of µB, the mass eigenstates are given by VB+ and VB− , which
are nothing but the eigenstates of the baryon number; VB+ carries B = +1 and VB− does
B = −1. In other words, the baryon with JP = 1+ does not mix with the anti-baryon having
the same spin and parity, even though the baryon number U(1)B symmetry is spontaneously
broken for µB > Mpi. Note that this feature holds only at the leading order: The mixing will
generally appear when we include the higher order terms (see the next section). In FIG. 2,
we plot the masses of “vector” bosons described in Eqs. (3.16) and (3.19) for MV /Mpi = 4
as an example. In this figure, we can see the µB-dependence of the masses of the “vector”
bosons explained above.
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4. EFFECT OF HIGHER ORDER TERMS
In this section, we consider the effects of higher order terms in the hidden local symmetry
(HLS). In QCD with three colors it is known that, thanks to the gauge invariance of the
HLS, we can perform the systematic derivative expansion with including vector mesons in
addition to the pseudo Nambu-Goldstone bosons when the masses of vector mesons are
lighter than the chiral symmetry breaking scale (the chiral perturbation theory with the
HLS [11, 15–17]).
We adopt the same counting rule in the present case. Generally, there are 32 terms in
the O(p4) HLS Lagrangian [11, 17]. We present a complete list of O(p4) Lagrangian in
Appendix C. Here we include only the terms which do not alter the vacuum structure given
in Eq. (3.7), neglecting the effect of current quark masses at O(p4). In this case we have
only three combinations which give corrections to the “vector” boson masses:
L(4)1 = y¯1tr[ αˆ⊥µαˆ‖ναˆµ⊥αˆν‖ − αˆ⊥µαˆµ⊥αˆ‖ναˆν‖ + αˆ⊥µαˆ⊥ναˆµ‖ αˆν‖
− 1
2
(αˆ⊥µαˆ
µ
‖ αˆ⊥ναˆ
ν
‖ + αˆ⊥µαˆ‖ν αˆ
ν
⊥αˆ
µ
‖ ) ], (4.1)
L(4)2 = y¯2tr[ αˆ⊥µαˆ‖ναˆµ⊥αˆν‖ − αˆ⊥µαˆ⊥ν αˆν‖αˆµ‖ + αˆ⊥µαˆ⊥ν αˆµ‖ αˆν‖
− 1
2
(αˆ⊥µαˆ
µ
‖ αˆ⊥ναˆ
ν
‖ + αˆ⊥µαˆ‖ν αˆ
ν
⊥αˆ
µ
‖ ) ], (4.2)
L(4)3 = y¯3tr[ αˆ⊥µαˆ‖ναˆµ⊥αˆν‖ − αˆ⊥µαˆµ⊥αˆ‖ναˆν‖ + αˆ⊥µαˆ⊥ναˆν‖αˆµ‖
− 1
2
(αˆ⊥µαˆ
µ
‖ αˆ⊥ναˆ
ν
‖ + αˆ⊥µαˆ‖ν αˆ
ν
⊥αˆ
µ
‖ ) ], (4.3)
where y¯1, y¯2 and y¯3 are coefficients not determined by the HLS.
We consider the case of Nf = 2 in the following analysis. From the vacuum expectation
values (VEVs) of ξ(pi) and Vν given in Eqs. (3.8) and (3.11), VEVs of αˆ‖µ and αˆ⊥µ are
determined as
〈αˆ‖µ〉 = 0, 〈αˆ⊥µ〉 =
√
2µBδµ0 sin θX
4, (4.4)
where X4 is the fourth component of the broken generators given in Eq. (B.6). Substituting
the VEV 〈αˆ⊥µ〉 into Eqs. (4.1)-(4.3) we obtain the correction to the masses of “vector”
bosons as
L(4)1 + L(4)2 + L(4)3
O(V 2j )→ 2µ2B sin2 θ[C1tr(X4VjX4V j)− C2tr(X4X4VjV j)], (4.5)
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FIG. 3: µB-dependences of the “vector” boson masses. The curves on the left figure are for
the degenerate ρ and ω mesons and those on the right figure are for baryonic and anti-baryonic
“vector” bosons. We use MV /Mpi = 4, C1 = 0, C2 = ±4 and g = 1 to make the curves. Dashed
(blue) curves stand for C2 = 4. Solid (red) curves stand for C2 = −4.
where C1 and C2 are certain linear combinations of y¯1, y¯2 and y¯3. Applying the same
procedure as that in section 3 with the correction in Eq. (4.5), we obtain the masses of ρ
meson and ω meson as
mρ =
√
M2V +
C1 − C2
4
(gµB sin θ)2, (4.6)
mω =
√
M2V −
C1 + C2
4
(gµB sin θ)2. (4.7)
The quadratic term for (VB+ , VB−) is obtained as
(Vˆ †B+ Vˆ
†
B
−
)

 (E + µB cos θ)
2 −M2V + C216 (gµB sin θ)2 C116 (gµB sin θ)2
C1
16
(gµB sin θ)
2 (E − µB cos θ)2 −M2V + C216 (gµB sin θ)2



 VˆB+
VˆB
−

 .
(4.8)
The masses of “vector” bosons with JP = 1+ are obtained by diagonalizing the mass matrix
in Eq. (4.8). We can see that the mixing between VB+ and VB− is related with the mass
difference between mρ and mω as
m2ρ −m2ω =
C1
2
(gµB sin θ)
2. (4.9)
Equations (4.6), (4.7) and (4.8) show that the corrections to the masses from O(p4) terms
include the factor of sin θ, which is zero for µB < Mpi. Then, the O(p4) corrections appear
only for µB > Mpi, where the U(1)B is spontaneously broken. It should be noticed that two
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FIG. 4: µB-dependences of the “vector” boson masses. The curve on the left figure is for the
degenerate ρ and ω mesons and those on the right figure are for baryonic and anti-baryonic “vector”
bosons. We use MV /Mpi = 5/4, C1 = 0, C2 = 1 and g = 1 to make the curves.
coefficients C1 and C2 are not determined by the symmetry structure. To study the effect of
O(p4) corrections we refer to the mass spectra obtained by the lattice simulation in Ref. [7],
which shows that the masses of ρ and ω mesons are degenerate, and that both of them are
stable against the change of the chemical potential for µB < Mpi and decrease for µB > Mpi.
From Eqs. (4.6) and (4.7) the degeneracy of mρ and mω is realized for C1 = 0, and both mρ
and mω decrease for C2 > 0. From Eq. (4.5) together with X
4X4 = 1, the choice of C1 = 0
and C2 > 0 implies that the O(p4) terms provide a negative contribution to all the “vector”
boson masses equally, and that VB+ and VB− do not mix with each other, even though the
baryon number U(1)B symmetry is spontaneously broken. On the other hand, the choice of
C1 = 0 and C2 < 0 implies that the O(p4) terms provide a positive contribution to all the
“vector” boson masses equally (see FIG. 3). The effect of nonzero C1 produces the mass
difference between mρ and mω, and this difference is linked to the mixing strength between
VB+ and VB− as in Eq. (4.9). This relation is obtained from the symmetry breaking pattern
and the assumption that all the bosons other than pi and V are heavy enough to be neglected
in the Lagrangian. #5 Thus, a violation of Eq. (4.9), when only pi and V are light degrees
of freedom, may signal a new phase transition.
We consider the case with MV /Mpi = 5/4, i.e., relatively heavy pis, which corresponds to
the one in the lattice analysis [7]. As an example, we plot the µB-dependence of the “vector”
#5 We expect that the contribution of higher order terms such as O(p6) is small enough.
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FIG. 5: µB-dependences of the “vector” boson masses. The curves on the left figure are for the
ρ and ω mesons and those on the right figure are for baryonic and anti-baryonic “vector” bosons.
We use MV /Mpi = 5/4, C1 = 1, C2 = 2 and g = 1 to make the curves.
boson masses for C1 = 0 and C2 = 1 together with MV /Mpi = 5/4 and g = 1 in FIG. 4. We
choose the value C2 = 1 to reproduce the decreasing masses of ρ and ω mesons in the lattice
data [7] for µB > Mpi. We obtain the result that mVB+ increases and mVB− decreases with
increasing µB for µB > Mpi. The lattice analysis [7] shows that mVB+ is almost stable against
the change of µB, which does not agree with the result of the present analysis. Though any
clear signal for mVB− is not observed.
We investigate the effect of C1 term to mVB+ and mVB− in Eq. (4.8). This term causes
a mixing between VB+ and VB−, and makes mVB+ (mVB−) smaller (larger). At the same
time, the C1 term produces the mass difference between the ρ and ω mesons (see Eq. (4.9)):
The positive C1 gives the positive correction to mρ and the negative one to mω, and the
negative C1 gives the negative correction to mρ and the positive one to mω. As an example,
we plot the µB-dependence of the “vector” boson masses for C1 = 1 and C2 = 2 together
with MV /Mpi = 5/4 and g = 1 in FIG. 5. We set C2 − C1 = 1 to reproduce the decreasing
mass of ρ meson in the lattice data [7], and C1 = 1 to produce 10% decreasing of mVB+ at
µB/Mpi = 1.5. Left panel of FIG. 5 shows that the splitting between mρ and mω is large:
mω is about half of mρ at µB/Mpi = 1.5. Thus, our model cannot simultaneously reproduce
the µB-dependences of mρ, mω and mVB+ in the lattice data [7].
For relatively heavy pis, we expect that the masses of “axial-vector” bosons are smaller
than MV +Mpi which is the largest value of “vector” boson masses in the present analysis,
so that we cannot neglect the “axial-vector” bosons. When we include the “axial-vector”
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meson A, as well as the baryonic and anti-baryonic “axial-vector” bosons, AB+ and AB−
(see Table III), the A will mix with baryonic and anti-baryonic “vector” bosons, VB+ and
VB
−
, and AB+ and AB− will mix with ω meson for µB > Mpi. The effect of mixing among A,
VB+ and VB− will make mVB+ lighter since mVB+ is the smallest among three at µB = Mpi.
As a result, the mVB+ becomes more stable than that shown in FIG. 4, and the lattice data
will be reproduced. This strongly suggests that there is a large mixing among A, VB+ and
VB
−
for heavy pis such as the one adopted in the lattice analysis [7]. This indicates that
the mass of isovector meson with JP = 1+ shown in FIG. 2 of Ref. [7] is nothing but mVB+
observed through the large mixing. On the other hand, the mixing among AB+ , AB− and ω
will generally break the degeneracy between the ρ and ω mesons as shown in e.g. Ref. [8],
which does not seem to agree with the lattice result. Then, the mixing expected to small
enough to reproduce the lattice result.
Field Generator I B JP
A1,2,3 X1,2,3 1 0 1+
AB+ = (A
5 − iA4)/√2 (X5 − iX4)/√2 0 +1 1−
AB
−
= (A5 + iA4)/
√
2 (X5 + iX4)/
√
2 0 −1 1−
TABLE III: Summary of the “axial-vector” fields
5. SUMMARY AND DISCUSSIONS
In this paper, we constructed a low energy effective Lagrangian for the two-color QCD
including the “vector” bosons (mesons with JP = 1− and diquark baryons with JP = 1+) in
addition to the pseudo Nambu-Goldstone bosons (mesons with JP = 0− and baryons with
JP = 0+) based on the chiral symmetry breaking pattern of SU(2Nf ) → Sp(2Nf) in the
framework of the hidden local symmetry (HLS). The “vector” bosons were introduced as
the gauge bosons of the Sp(2Nf) HLS. In the HLS formalism, the “vector” bosons and the
external chiral gauge bosons are included independently, so that we can naturally incorporate
the chemical potential µB as the vacuum expectation value (VEV) of the external gauge
boson for baryon number.
We studied the vacuum structure of the model in the case of Nf = 2 introducing the
effects of current quark masses and the baryon chemical potential into the leading order
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Lagrangian. We found that the time component of “ω” meson has a VEV for any µB, as
in the ordinary three-color QCD. As a result, the phase structure is the same as the one
determined by including only the pseudo-NG bosons [3]: For µB > Mpi, the baryonic pion
(JP = 0+ state) condenses, which causes the spontaneous breaking of the baryon number
symmetry, U(1)B.
We investigated the µB-dependences of the “vector” boson masses and found that the
mass of anti-baryon with JP = 1+ (VB
−
) increases for µB < Mpi and turns to decrease for
µB > Mpi. The mass of baryon with J
P = 1+ (VB+) shows the opposite behavior. These
behaviors of the baryons signal the phase transition of U(1)B breaking in two-color QCD at
finite density.
At the leading order the vector mesons with JP = 1− (ρ and ω mesons) do not change
their masses at all. Furthermore, VB
−
does not mix with VB+ , even though the baryon
number U(1)B symmetry is spontaneously broken for µB > Mpi.
We studied the effects of higher order terms and obtained the corrections to the masses of
the “vector” bosons. We assumed that the vacuum structure is not changed, which left only
two free parameters C1 and C2: The positive (negative) C2 provides a negative (positive)
contribution to all the “vector” boson masses equally. On the other hand, the effect of
nonzero C1 produces the mass difference between mρ and mω, and this difference is linked
to the mixing strength between VB+ and VB−. This relation is obtained from the symmetry
breaking pattern and the assumption that all the bosons other than pi and V are heavy
enough to be neglected in the Lagrangian. Thus, a violation of this relation (Eq. (4.9)) may
signal a new phase transition.
Comparison with the lattice data in Ref. [7] strongly suggests that there is a large mixing
among A, VB+ and VB− for heavy pis such as the one adopted in Ref. [7]. This indicates that
the mass of isovector meson with JP = 1+ shown in FIG. 2 of Ref. [7] is nothing but mVB+
observed through the large mixing.
We make a comment on the analysis done in Ref. [8]. When the “axial-vector” bosons
are taken to be heavy in their model and integrated out, the model becomes identical to
the HLS model with the parameter choice C1 = C2 = 2(MS/MX)
4/g2, where MS and MX
express the masses of “vector” bosons and “axial-vector” bosons in their model. As can be
seen easily from Eq. (4.6), the choice C1 = C2 implies that the ρ meson mass mρ is stable
against the density as shown in Ref. [8].
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The present analysis is valid when the “axial-vector” bosons (mesons with JP = 1+ and
baryons with JP = 1−) are heavy. When the “axial-vector” bosons are light, we need to
include these states. This can be done in the framework of the generalized HLS [10, 19].
Using this formalism, we may investigate the phase structure in the range of µB wider than
that studied in the present analysis. We hope to obtain a clue to understand the real-life
QCD with three colors at finite baryon density through these analyses.
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Appendix A: QCD Lagrangian with external source fields
In this appendix, we give the QCD Lagrangian with the external source fields.
We start with the ordinary QCD Lagrangian with Nf massless quarks:
L0QCD = −
1
2
tr[GνρGνρ] + ψ¯γ
νDνψ, (A.1)
where
Dνψ = (∂ν − igsGν)ψ,
Gνρ = ∂νGρ − ∂ρGν − igs[Gν , Gρ], (A.2)
with Gν and gs being the gluon field matrix and the gauge coupling constant. Note that
the gluon field matrix is expressed as Gν = G
a
ν
τa
2
where τa is the Pauli matrix of SU(2)color
defined as
τ1 =

 0 1
1 0

 , τ2 =

 0 −i
i 0

 , τ3 =

 1 0
0 −1

 . (A.3)
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We include external scalar and pseudoscalar source fields S and P, as well as scalar and
pseudoscalar diquark source fields Q and R #6 as
Lext-scalar = ψ¯(S + iP)ψ + 1
2
[ψTC(γ5Q+ iR)iτ2ψ + (h.c)]. (A.4)
The vector and axial-vector external gauge fields Vµ and Aµ as well as diquark external
gauge fields carrying JP = 1+ and 1− (Bµ and Dµ) are included as
Lext-vector = ψ¯γµ(Vµ − γ5Aµ)ψ + 1
2
[ψTCγµ(Bµ − γ5Dµ)iτ2ψ + (h.c)]. (A.5)
These external fields satisfy the following conditions:
S† = S, P† = P, (Vµ)† = Vµ, (Aµ)† = Aµ,
QT = −Q, RT = −R, (Bµ)T = Bµ, (Dµ)T = −Dµ. (A.6)
Now, the total Lagrangian is given by
LQCD = L0QCD + Lext-scalar + Lext-vector . (A.7)
It is convenient to introduce two-component spinors qL and qR in such a way that the
four-component spinor ψ is expressed as ψi =

 qiL
qiR

 , where i denotes the flavor index.
Then, the kinetic term of quarks is rewritten as
∫
d4x iψ¯iγνD
νψi =
∫
d4x
(
iq†L,iσνD
νqiL + iq
†
R,iσ¯νD
νqiR
)
, (A.8)
where we use the following form of the gamma matrices:
γν =

 0 σ¯ν
σν 0

 ≡

 0 (1, σj)
(1,−σj) 0

 . (A.9)
From the form given in Eq.(A.8) the existence of the SU(2Nf ) flavor symmetry is seen as
follows: Since the fundamental representation of SU(2)color as well as that of SU(2)spin is
the pseudreal representation, a combination of σ2τ2q
∗
R has the same transformation property
#6 Q and R are color-singlet states in two-color QCD. This can be seen from the existence of iτ2 = ǫ and
the charge-conjugation matrix C ≡ iγ2γ0 in Eq. (A.4).
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as qL under the SU(2)color symmetry as well as under the Lorentz symmetry. Then, by
introducing the field Ψ as
Ψ =


q1L
q2L
...
q
Nf
L
σ2τ2q
∗
R,1
σ2τ2q
∗
R,2
...
σ2τ2q
∗
R,Nf


, (A.10)
the kinetic term in Eq.(A.8) is rewritten as
∫
d4x iψ¯γνD
νψ =
∫
d4x iΨ†σνD
νΨ. (A.11)
This is invariant under the SU(2Nf ) transformation of Ψ given as
Ψ→ gΨ, (g ∈ SU(2Nf )). (A.12)
Similarly, using the field Ψ, we rewrite Lext-scalar and Lext-vector in Eqs. (A.4) and (A.5) as
Lext-scalar = 1
2
ΨTσ2τ2χΨ+ (h.c), Lext-vector = Ψ†σµGµΨ, (A.13)
where χ and Gµ are external fields of 2Nf × 2Nf matrices defined as
χ ≡

 Q− iR −(S − iP)T
S − iR (Q+ iR)†

 , (A.14)
Gµ ≡

 Vµ +Aµ (Bµ +Dµ)†
Bµ +Dµ −(Vµ −Aµ)T

 . (A.15)
Transformation properties of the external fields under SU(2Nf ) are given by
Gµ → gGµg† + ig(∂µg†), χ→ g∗χg†. (A.16)
Appendix B: Explicit realization of the SU(4) generators
In this appendix, we show the explicit representation of the generators of SU(4). We con-
sider the form of the generators following Ref. [8] for convenience. They can be represented
21
as
Sα =
1
2
√
2

 A B
B
† −AT

 , Xa = 1
2
√
2

 C D
D
†
C
T

 , (B.1)
where A is hermitian, C is hermitian and traceless, BT = B and DT = −D. The {S} are
also Sp(4) generators since they obey Eq. (2.1). We define
Sα =
1
2
√
2

 τα 0
0 −(τα)T

 , (α = 1, 2, 3, 4 ). (B.2)
For α = 1, 2, 3, we have the standard Pauli matrices, while for α = 4 we define τ 4 = 1.
These are simply the generators for SU(2)× U(1). For α = 5, ..., 10
Sα =
1
2
√
2

 0 Bα
(Bα)† 0

 , (α = 5, ..., 10), (B.3)
and
B5 = 12, B
6 = i12, B
7 = τ 3, B8 = iτ 3, B9 = τ 1, B10 = iτ 1. (B.4)
The five broken generators {X} are
Xa =
1
2
√
2

 τa 0
0 (τa)T

 , (a = 1, 2, 3), (B.5)
where τa are the standard Pauli matrices. For a = 4, 5
Xa =
1
2
√
2

 0 Da
(Da)† 0

 , (a = 4, 5), (B.6)
and
D4 = τ 2, D5 = iτ 2. (B.7)
The generators are normalized as follows:
tr(SαSβ) =
1
2
δαβ , tr(XaXb) =
1
2
δab, tr(SαXa) = 0. (B.8)
Appendix C: O(p4) HLS Lagrangian
In this appendix, we present a complete list of the O(p4) HLS Lagrangian for general Nf
and NC = 2, following Refs. [11, 17]. For the construction, we need the building blocks
Vˆµν = 1
2
[ξRΣ¯G
T
µνΣ¯ξ
†
R + ξLGµνξ
†
L], Aˆµν =
1
2
[ξRΣ¯G
T
µνΣ¯ξ
†
R − ξLGµνξ†L], (C.1)
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where Gµν is the filed strength of the external chiral gauge fields defined as
Gµν ≡ ∂µGν − ∂νGµ − i[Gµ, Gν ]. (C.2)
From Eq. (C.1) together with other building blocks in TABLE I, a complete list of the O(p4)
Lagrangian invariant under the C and P transformation is constructed as
L(4) = L(4)y + L(4)w + L(4)z , (C.3)
where
L(4)y = y1tr[αˆ⊥µαˆµ⊥αˆ⊥ναˆν⊥] + y2tr[αˆ⊥µαˆ⊥ναˆµ⊥αˆν⊥]
+ y3tr[αˆ‖µαˆ
µ
‖ αˆ‖ν αˆ
ν
‖ ] + y4tr[αˆ‖µαˆ‖ναˆ
µ
‖ αˆ
ν
‖ ]
+ y5tr[αˆ⊥µαˆ
µ
⊥αˆ‖ναˆ
ν
‖ ] + y6tr[αˆ⊥µαˆ⊥ναˆ
µ
‖ αˆ
ν
‖ ] + y7tr[αˆ⊥µαˆ⊥ναˆ
ν
‖αˆ
µ
‖ ]
+ y8{tr[αˆ⊥µαˆµ‖ αˆ⊥ναˆν‖ ] + tr[αˆ⊥µαˆ‖ν αˆν⊥αˆµ‖ ]}+ y9tr[αˆ⊥µαˆ‖ναˆµ⊥αˆν‖ ]
+ y10(tr[αˆ⊥µαˆ
µ
⊥])
2 + y11tr[αˆ⊥µαˆ⊥ν ]tr[αˆ
µ
⊥αˆ
ν
⊥]
+ y12(tr[αˆ‖µαˆ
µ
‖ ])
2 + y13tr[αˆ‖µαˆ‖ν ]tr[αˆ
µ
‖ αˆ
ν
‖ ]
+ y14tr[αˆ⊥µαˆ
µ
⊥]tr[αˆ‖ναˆ
ν
‖ ] + y15tr[αˆ⊥µαˆ⊥ν ]tr[αˆ
µ
‖ αˆ
ν
‖ ], (C.4)
L(4)w = w1
f 2χ
f 2pi
tr[αˆ⊥µαˆ
µ
⊥(χˆ+ χˆ
†)] + w2
f 2χ
f 2pi
tr[αˆ⊥µαˆ
µ
⊥]tr[χˆ+ χˆ
†]
+ w3
f 2χ
f 2pi
tr[αˆ‖µαˆ
µ
‖ (χˆ + χˆ
†)] + w4
f 2χ
f 2pi
tr[αˆ‖µαˆ
µ
‖ ]tr[χˆ+ χˆ
†]
+ w5
f 2χ
f 2pi
tr[(αˆµ‖ αˆ⊥µ − αˆ⊥µαˆµ‖ )(χˆ− χˆ†)]
+ w6
f 2χ
f 2pi
tr[(χˆ+ χˆ†)2] + w7
f 2χ
f 2pi
(tr[χˆ+ χˆ†])2
+ w8
f 2χ
f 2pi
tr[(χˆ− χˆ†)2] + w9
f 2χ
f 2pi
(tr[χˆ− χˆ†])2, (C.5)
L(4)z = z1tr[Vˆµν Vˆµν ] + z2tr[AˆµνAˆµν ] + z3tr[VˆµνV µν ]
+ iz4tr[Vµναˆ
µ
⊥αˆ
ν
⊥] + iz5tr[Vµναˆ
µ
‖ αˆ
ν
‖ ]
+ iz6tr[Vˆµν αˆµ⊥αˆν⊥] + iz7tr[Vˆµν αˆµ‖ αˆν‖ ]− iz8tr[Aˆµν(αˆµ⊥αˆν‖ + αˆµ‖ αˆν⊥)]. (C.6)
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